The topology in different dimensions has attracted enormous interests, e.g. the Zak phase in 1D systems, the Chern number in 2D systems and the Weyl points or nodal lines in the systems with higher dimensions. It would be fantastic to find the connection of different topology in different dimensions from one simple model and reveal the deep physical picture behind them. In this work, we propose a new model which starts from a binary-layered 1D photonic crystal, and by introducing synthetic dimensions the topology of higher dimension systems could appear. From this model, we find that the topology of band gap and the Chern number of the 2D systems can be predicted by the parity-switching types and the Zak phases of the 1D systems with spatial inversion symmetry(SIS), respectively. The chiral edge state is confirmed by the winding number of the reflection phase in the topological nontrivial gap. Different types of the topological transition in higher dimensions are found, where two bands degenerated as Weyl point or nodal line. Surprisingly, we find that the topological connection between different dimensions and the topological transition types in this model can be explained by the evolving of two singularities which give rise to nonzero Zak phase of the 1D systems with SIS. When transporting one singularity between adjacent bands, the Weyl point takes the role as the instantaneous jumping channel of the singularity in the parameter space, and then both the Zak phases of 1D systems with SIS and the Chern number of 2D systems are changed. While both singularities moves to band-gap edges from two adjacent bands, they will merge into the nodal line. The theory for such model is also constructed. We propose that such topology connection between different dimensions could be quite universal for other systems.
I. INTRODUCTION
The topological states of different dimensions have attracted enormous interests in condensed matter physics, prominent examples including one dimensional(1D) SuSchrieffer-Heeger model for polyacetylene, two dimensional (2D) quantum Hall states and topological insulators(TI), and three dimensional (3D) TI, topological superconductors and semi-metal with Weyl point, etc. [1] [2] [3] . In recent years, photonic crystal (PhC) has been found to be a powerful platform to easily investigate novel topological phenomena in the condensed matter physics. The SSH model, TI and Weyl points have also been found its counterpart in the photonic systems [4] [5] [6] . For these topological states, symmetries act as special roles. For example, the time-reversal symmetry is very essential for 2D or 3D topological insulators, which is origin of the degeneracy at time-reversal-invariant points in Brillouin zone and the topological non-triviality of the band-gap could be represented by the connection type between these degenerated points. Analogy to SSH model for polyacetylene [2] , the topological structure of * jinagxunya@fudan.edu.cn one-dimensional(1D) binary layered PhC characterized by Zak phases and the symmetry of eigenmodes have been studied [7, 8] . More interestingly, with introduction of synthetic dimension, the topological nontrivial bandgap structure could be realized in two-dimensional(2D) or higher dimensional synthetic systems [9] [10] [11] [12] . Analogy to Aubry-Andr-Harper model(AAH) [13] , 2D topological band structure with nonzero Chern number has been realized in photonic systems and the topological radiative edge state has been found in the gap where the reflection phase has nonzero winding number [14] [15] [16] . However, for these photonic systems with synthetic dimensions [9, [14] [15] [16] , the spatial inversion symmetry (SIS) in the parameter space is not guaranteed, so that the special status of 1D systems with spatial inversion symmetry (1D-SSIS) and its relationship with the topology of 2D or higherdimension systems have not been well studied. More questions, such as "Can we judge the topology of higherdimensional synthetic systems only by the topological properties of simple 1D-SSIS?","What is the relationship between the Chern number of 2D synthetic systems and the Zak phases which is only well defined at 1D-SSIS?" and "What is the mechanism behind the different topological transitions with Weyl point or nodal line for higher-dimension systems?" are waiting to answer. In this work, we propose a new model which starts from a simple AB binary-layered 1D photonic crystal with second gap closed, and becomes the higher dimensional one with topological nontrivial band-gap structure by introducing synthetic dimensions step by step. So the lowerdimension systems could be thought as the projection of higher-dimension systems with dimension(s) fixed at certain value(s). At first, we suppose the original layer B of PhC cell is devided into two layers, the layer B and the layer C whose dielectric constant has a small difference from layer B, so that the second gap is lifted. And then, the layer A is supposed to continuously move from original position through a whole PhC cell with its displacement χ acting as the new periodic synthetic dimension. In this model, two 1D-SSIS are guaranteed in χ dimension when layer A is at the center of layer B or layer C. Surprisingly, we find that almost all non-trivial topological properties of 2D synthetic systems are determined by the 1D systems at two 1D-SSIS. Further more, when we introduce the width and the dielectric difference of layer C as variables, two kinds of topological transition with Weyl point and nodal line are found. We reveal that all these topological phenomena of different dimensions and the connection between them are from the evolving of two singularities, which can be thought as the origin of Zak phases of 1D-SSIS. The Weyl point as the instantaneous jumping channel between bands for one singularity and the nodal line as merging of both singularities are observed. A theory is constructed which could quantitatively describe the topology of band-gap structure for our systems with different dimensions.
The paper is organized as following. In the first section, we introduce our model and main results from numerical simulation are presented. In the second section, we construct a theory from the effective Hamiltonian of such 2D synthetic systems based on perturbation method. In the third section, based on our effective Hamiltonian, we reveal the topology of the corresponding gap, the winding number of reflection phase and the chiral edge state. In the forth section, the relationship between the Zak phase at two 1D-SSIS and the Chern number of 2D sythetic system, and by introducing more synthetic dimensions, Weyl-point type and nodal-line-type topological transitions are found and the deep physical picture of evolving of singularities are revealed.
II. RESULTS

A. Model and Main Results
We start from a dielectric binary layered structure as illustrated by Fig. 1 . The width of the unit cell is denoted by D = d a + d b , where d a and d b are the width of the layer A and layer B, respectively. Its band structure is shown in Fig. 2 with parameters given by n a = √ a = 2, n b = √ b = 1, and d b = 2d a . The bands and gaps are numbered respectively. Since n a d a = n b d b , the second gap and forth gap are closed at K = 0 point, where K is the Bloch wave vector. Because the 1D system has spatial inversion symmetry, the states at the high-symmetric points of the Brillouin zone K = 0 and K = π/D will have certain parity, such as symmetric state (S-state) or antisymmetric state(A-state) relative to a certain inversion center. We note that, in this work, the spatial inversion center and the origin of x-coordinate is always defined as the center and the left end of layer A, respectively.
As demonstrated in [7, 8] , if the upper and lower bandedge states (K = 0 and K = π/D ) of an isolated band have the same parity, the Zak phase of the corresponding band is 0, otherwise it will be π and there is a singularity in the band of 1D system. .
Next, we will propose a 2D synthetic model with a synthetic dimension by several steps. Firstly, we suppose that the layer B of our binary system is divided into two layers, layer B and layer C. The new layer C is from d a to d a +d c , and its dielectric constant c = b +∆ , where ∆ could (but not limited) be treated as a small perturbation. With the introduction of layer C, the closed second gap (degeneracy at K=0 point) will be lifted. Next, we continuously change the position of layer A characterised Because the system has spacial inversion symmetry at two PWSIS, the band edge states with K = 0 or K = π have certain parities relative to the center of the layer A. Obviously, the parity switching type is different at the two symmetric points for this system. Symmetric state and antisymmetric state are marked by red and black dot respectively. by variable χ. As shown in the Fig. 1 , where χ is the distance between the right end of layer A and the left end of layer C. When χ increases from 0 to d b , the system will evolve around a closed loop. When χ is between 0 and d b − d c , the layer A is inside the layer B which is separated into two parts. When χ is between d b − d c and d b , the layer A is inside the layer C which is separated into two parts. In such a way, we map a 1D system into a 2D system with the synthetic dimension χ. Such model has a special advantage that two 1D-SSIS are guaranteed in χ dimension when layer A is at the center of layer B or layer C when
We introduce the Chern number in our 2D synthetic system:
is the periodic part of magnetic field. We notice that, during the loop, two 1D-SSIS are guaranteed with
when the layer A is exactly at the center of layer B or at the center of layer C. For two 1D-SSIS, the Zak phase can be well-defined. More important, for a certain gap of two 1D-SSIS, the lower-gap-edge state (from the lower band) and the upper-gap-edge state (from the upper band) with K = 0 or K = π/D have different symmetry properties. In other words, there are two types of parity switching for the lower-gap-edge state to the upper-gap-edge state. The first type is that the lower one is S-state while the upper one is A-state which is defined as "S→A-type", and the second one is the opposite case which is defined as "A→S-type".
In numerical calculations, at first we set d c = d b /2 as a constant which means the width of layer C is equal as layer B and the two 1D-SSIS are the cases with χ = d b /4 and χ = 3d b /4. Based on the standard transfermatrix method, we can obtain the synthetic 2D band-gap structure in K − χ phase space, as shown in Fig. 2 where the Zak phase at the two 1D-SSIS with(χ = (d b /4 and χ = 3d b /4) and the Chern number of bands are signed.
After numerical simulations and theoretical derivations, some universal relations between topology of synthetic systems with different dimensions are found, which is the most important results of this work.
First, for a certain gap, we find that, if the parity switching types of gap-edge states at the two 1D-SSIS
are different, the 2D gap will be topologically nontrivial and contributes -1 and 1 (or reverse) to the Chern numbers of the upper and lower bands respectively. As shown in Fig. 3 for second gap, at χ = (d b − d c )/2 the parity switching from lower to upper gap edge is S→A-type while at χ = d b − d c /2 the parity switching is A→ S-type. On the contrary, for the first gap and the third gap, the same parity-switching type appears at the two 1D-SSIS (both are S→A-type or A→S-type), so that the gap will contribute no Chern number to bands. A strict mathematic proving of topologically non-triviality of 2D gap will be given based on the perturbation theory.
Second, the different types of parity-switching will also lead to the nonzero winding number of β which will be defined later for the corresponding gap, which could also be revealed by the winding number of reflection phase and is the sufficient and necessary condition for the existence of the chiral edge states.
Third, for both upper and lower bands adjacent to the lifted gap, the Chern number of the bands can be obtained by the Zak phases of 1D systems at two 1D-SSIS
(1) The physical reason behind this relation is that both Zak phase of 1D systems and the Chern number of 2D synthetic system are from two singularities of the field, whose amplitude is zero in transfer-matrix gauge [7] , in the upper band or the lower band at
Forth, if we introduce the width d c and the dielectric difference ∆ = c − b of layer C as variables, we find two kinds of topological transition of band-gap structure in this model. One kind is that two bands touch each other as a Weyl point at one 1D-SSIS and while the other kind is that two bands connect by a "nodal line" (or nodal surface) in higher-dimension parameter space. The physics behind all these topological phenomena is from the evolving of two singularities at 1D-SSIS which can be thought as the origin of Zak phases. At the Weyl-point-type transition, the Weyl point acts as the instantaneous jumping channel for one singularity from one band to the other one, and the Zak phase 1D-SSIS and the Chern number of synthetic 2D system are changed. At the nodal-line-type transition, both singularities move to the band edges and merge into the nodal line. In this section, we construct a theory from the effective Hamiltonian of such 2D synthetic systems based on perturbation method. The effective 2 × 2 Hamiltonian will be obtained by the bases of the magnetic field H(x) with different parity relative to layer A. From such a theory, we can clearly show the topological characters of bandgap structures of 2D synthetic systems.
To derive the effective Hamiltonian, we start from the original 1D AB-layered system. The magnetic field H(x) in y-direction at the frequency of ω is determined by the Maxwell equation:
Since
has certain parity relative to the center of layer A. As we mentioned, the symmetric state is called as "S-state" while the antisymmetric state as "A-state". From Maxwell equation, we obtain that the normalized S-state has the form:
Eq. 3a and 3b are the magnetic field(H filed) within layer A and layer B respectively.
The antisymmetric state denoted by A-state is given by
where
2 are the normalized coefficients.
These states given by Eq. 3 and 4 will be used as the basis in our derivation of effective Hamiltonian. For small deviation K around K = 0, these bases should be added a phase factor exp(iKx).
Next, as we did in constructing our 2D synthetic system in the second paragraph, we introduce the perturbation layer C. We treat the deviation of c from b as a perturbation∆ , so we have 1/ c = 1/ b − ∆ / 2 b . Based on formal K · P method, the elements of effective Hamiltonian can be obtained by
After some derivation, we obtain the effective Hamiltonian as:
2 b , and
The Hamiltonian can be expressed as the Dirac form:
where σ 0 is the identity matrix and σ is the Pauli matrix, while α and the vector β K,χ are defined as the coefficients of them: Fig. 5(a) Fig. 5(c) and Fig. 5(e) . The topological property is characterized by the fact that if the loop encloses the origin or not. It is obvious that if the clockwise (or anticlockwise) loop encloses the origin β = 0, two vectors β I and β II are in the opposite direction, so that they must have different sign and the winding number of β K=0,χ of the loop will be -1 (or 1). For the case of Fig. 5e , the loop doesn't encloses the origin, so that two vectors β I and β II are in the same direction and the winding number of the loop is zero. From the effective Hamiltonian, it could be derived that if d c satisfies a special condition (N system is on a critical condition with β II = 0 according to Eq. 9. Now the loop of β K=0,χ will be tangent to the axis β x , as shown in Fig. 5(c) , which corresponds to the transmission of band-gap structure from topological trivial case to nontrivial one. The second gap will be closed at χ = d b − d c /2 as shown in fig. 5d , which is a Weyl point actually and will be discussed later. It is more interesting that we can obtain the wavefunctions and the Chern number of upper and lower bands from the effective Hamiltonian too, due to its simple form. Using our effective Hamiltonian, valid for small K and ∆ , we calculate the gap's contribution to the Chern number of the upper and lower bands. When the gap is topological nontrivial and the winding number of β K=0,χ is +1, the gap will contribute −1 and +1 to the Chern number of the upper and lower bands, respectively. For the convenience of discussion, we define it as the "gap winding number". For the topological nontrivial case of Fig. 5a , according to the effective Hamiltonian we can easily find that the parity-switching types (S→A or A→S) of gap-edge wave-functions at points β I and β II 
In summary, the first general conclusion in section II A can also be strictly proved from our effective Hamiltonian.
As stated in [15] , the topological properties of gap are discussed based on the winding number of reflection phase φ for the frequency inside gap. Next we will illustrate that the winding number of β is exactly same as the winding number of reflection phase φ. From the effective Hamiltonian and the evolving path at gap central frequency with χ from 0 to d b , we can make analogy to an electronic spin state led by the external magnetic field adiabatically in a closed evolving path. From the derivation of Hamiltonian, we can easily see that the wavefunction bases of even and odd state correspond to the spin-up (1, 0)
T and spin-down state (0, 1) T respectively, and "the external magnetic field" β rotates in the β x -β z plane. On the other hand, the reflection coefficient inside gap is given by r χ = e iφχ , where φ χ is the reflection phase. Correspondingly, the H field in the layer A has the form:
(10) which could be expressed in even and odd basis as
Then the expectation for S z and S x is H(K = 0, χ)|σ z |H(K = 0, χ) = cos φ χ and H(K = 0, χ)|σ x |H(K = 0, χ) = sin φ χ . So the reflection phase φ χ is nothing but the angle between S and β z axis in our model. In the evolving process, "the external magnetic field" drags the "spin" following it to rotate in a closed path. Hence, the winding number of reflection phase could be reinterpreted in geometric picture from our theory. Based on the discussion aforementioned, the sufficient and necessary condition to achieve nonzero winding number of reflection phase is to introduce different band parity-switching types at two 1D-SSIS to the corresponding gap.
Analogue to the quantum Hall systems, the"bulk-edge correspondence" theory still works in our 2D synthetic systems that if the bulk system is topological nontrivial with a nonzero Chern number, then chiral edge states appear in the gap characterized by its unidirectional propagation. There are chiral edge states appearing in the nontrivial gap of our system. To simplify the discussion, we suppose that our 1D PhC is attached to a perfect metal slab and the chiral edge states should appear at the interface between them. The condition for the chiral edge states is:
where reflection phases of the our PhC and reflecting metal are denoted by φ P hC and φ R , respectively. Because the φ R of perfect metal is π, the phase cut line depicted as π reflecting phase in Fig. 4c , which traverses the gap, represents the properties (frequency and the χ) of edge states at such interface. For the first and third gap such edge state is absent. From the slope of the phase cut line, we can also see that the edge state is "unidirectional" as quantum Hall effect. The "time-reversal-symmetrybroken" in our 2D synthetic system is from the fact that the layer A is moved in one direction, which is different from moving in the other direction, so that transformation "χ → −χ is not symmetric. Actually, no matter what reflector the PhC is attached to, e.g. another PhC or a meta-surface, the Eq. 11 can always be satisfied at a certain χ for any frequency inside the gap, because the reflecting phase for the frequency in the topological nontrivial gap covers the whole [0, 2π) when χ passes a cycle(with nonzero winding number) as shown in Fig. 4 .
D. Chern Number, Zak Phase and Topological Transitions with Weyl Point and Nodal Line
In this section, first we will study the subtle relationship between the Zak phases of 1D-
and the Chern number of the 2D synthetic system,shown in Eq. 5. The relation is based on the fact that both Zak phases and Chern number are results of the same singularities in the Brillouin zone. Further more, by tuning the parameters d c and ∆ , the topological transitions of the band-gap structure of synthetic systems with different dimensions is observed. Surprisingly, we reveal that, at topological transition, different types of topological transition are from the evolving of two singularities at 1D-SSIS.
As shown in [8] , the Zak phase of bands is only well defined at 1D periodic systems with SIS, corresponding to two 1D-SSIS with χ = (d b −d c )/2 and χ = d b −d c /2 in our model. The non-zero Zak phase of such 1D systems is caused by the singularity, at which the coefficients of forward and backward wave equal to zero simultaneously and u K experiences π phase jump with the gauge defined by standard transfer-matrices in [7] , where u K is the periodic part of the H-field and H K (x) = u K (x)exp(iKx). Based on the same gauge, the singularity manifests itself as the phase vortex point in our 2D synthetic system as shown in Fig. 5 . Such singularities give rise to not only non-zero Zak phase of 1D-SSIS at
, but also non-zero Chern number in our 2D synthetic system. With the gauge of standard transfermatrices in [7] , Chern number of a certain band equals to the sum of the contour integral (dχA χ + dKA K )/(2πi) around all the singularities in this band. We find that the result of the contour integral around the phase vortex point equals to the minus winding number of the reflection phase around it. In such a way, the relationship of Eq. 1 between the Chern number of 2D synthetic system and the Zak phases of 1D-SSIS could be constructed.
Next, we introduce the width d c and the deviation of dielectric constant ∆ of layer C as new variables and more complex topological phase transitions are found. When we increase the width of layer C d c from d b /2 to a larger value, one singularity gradually moves from the lower band to the upper band as depicted in Fig. 5 . At the critical case of topological transition with d c is d c = 0.725d b , the upper band and the lower band become degenerated at χ = d b − d c /2. Now we illustrate this degenerated point is a Weyl point, which could be characterized by a standard Hamiltonian in a generalized parameter space spanned by {χ, K, d c }. Exactly as two bands touching each other, one singularity just arrives at this degenerated point which is the only bridging channel between two bands. After that critical case, if we increase d c further, two bands separate again with a gap between them and two singularities are "locked" in one band. In other words, the Weyl point is the instantaneous jumping channel for one singularity between two bands. From our effective Hamiltonian given by Eq. 5, we can derive that the degenerated point locates at 
2 )]. Obviously, we have illustrated that the degenerated point of two bands is a Weyl point. As depicted in Fig. 5 , when δd is tuned from positive to negative, one singularity with reflection phase winding number 2π moves from lower band to upper band, hence the Zak phase of 1D-SSIS and the Chern number 2D synthetic system of the lower band changes from 0 to 1. The Weyl point shown in Fig. 5 has a positive charge by the standard definition.
At last, with introducing the variable ∆ , a different type of topological transition, which is signed by a "nodal line" (or "nodal surface" ) similar as the case of electronic systems [17] , could be revealed in our model from a higher-dimension parameter space {χ, K, d c , ∆ }. Before the discussing of general condition for such topological transition, it is instructive to go back to the start point of our model, where the system is a simple binary AB layered 1D system. From the view of parameter space {χ, K, d c , ∆ }, the binary AB layered system could be view as ∆ = c − b = 0 (or d c = 0), and the second gap is always closed for all values of {χ, K, d c }. Such closed gap at certain frequency forms a nodal line in {χ, K} space or "nodal surface" in higher dimension space {χ, K, d c , ∆ }. As we have demonstrated, by introducing a new layer C, the nodal line is opened as a topologically nontrivial gap, so that it is a topological transition too. Obviously, the nodal surface with ∆ = c − b = 0 is a very special and seemingly trivial case, since the nodal surface is a "flat one" which is independent of the dimensions {χ, K, d c }. Actually, the most general condition of nodal surfaces in our model is that the ratio of optical path of layers satisfies
where l, m, n ∈ N + . Then, the l + m + nth gap will turn into a nodal line at the frequency w l+m+n = (l + m + n)πc/ (n a d a + n b d b + n c d c ) . We emphasize that, since now d a , d b and d c are none-zero number and the materials of layers are different too, so that the nodal surface is a curved one in dimensions of {K, d c , ∆ } except the dimension {χ}, since the gap is always closed at certain frequency when the layer A is moved through a whole cell.
For the nodal-line-type topological transition, what will happen for these singularities of our model? From the numerical simulation, we find that, if we tune the parameter(s) of our system to the critical condition of nodal surface, both singularities inside the upper and lower bands at two 1D-SSIS will move to the gap-edge gradually and merge into the nodal line, and then they will emerge again when the parameter(s) passes the critical value. Physically, it is natural to imagine a general picture of the nodal-line type topological transition, in which the singularities from different cases with certain symmetry would merge into a line at certain frequency, and then the gap becomes totally closed and the topological non-triviality becomes extinct.
It's very introductive if we retrospect this work from the parameter space {χ, K, d c , ∆ } step by step. At first, we introduce A-B binary layered system and the second gap is closed as a nodal line in whole parameter space. The layer B is separated into two layers, one still with original b while the other (layer C) with c = b +∆ and second gap is lifted. Then, the parameter χ describing the shift of layer A is brought in, so that a 2D synthetic system with topologically nontrivial gap is constructed. We find that all topological properties of 2D band-gap structure can be predicted by two 1D-SSIS with
Further more, when we scan the parameter space {χ, K, d c , ∆ } , two types of topological transition appears. For Weyl-point-type transition, one singularity of 1D-SSIS jump from one band to the other band through the Weyl point, while for the nodal-linetype transition, both singularities of 1D-SSIS merge into the nodal line together.
To summary, we propose a model with synthetic dimensions and very rich topological properties are investigated. We find that almost all non-trivial topological properties of 2D synthetic system are determined by the 1D-SSIS, such as, the topology triviality of 2D synthetic band-gap could be judged by the parity-switching types of gap-edge states at two 1D-SSIS, the Chern number of upper (or lower) band of the second gap can be calculated by the Zak phases of 1D-SSIS. The deep physical picture is that there are two singular points in the upper or lower bands at two 1D-SSIS, which dominate not only topology (such as Zak phases and parity-switching type of gap-edge states) of 1D-SSIS, Fig. 4 (c) . Panels (c)-(d) are the dispersion near the Weyl point in three directions, which is shown in Fig. 5 (d) .
but also the topology of 2D synthetic system and higherdimension systems. Two types of topological transition are studied for such simple model. In the first type, we find that two bands touch each other as the Weyl point, which acts as the instantaneous jumping channel from one band to the other for one singularity of 1D-SSIS. In the second type, both singularities from two bands are merged into a "nodal line" and emerge when the condition of nodal line is passed. A theory is constructed which could quantitatively describe the topology for the systems with different dimensions.Further questions after this work are still waiting to answer, such as "Why a low-dimension system with certain symmetry can dominates the topological properties of the systems with higher-dimension?", "Is this a general phenomenon for other models? ", and "For Weyl-point-type and nodal-line-type topological transitions, the evolving processes of singularities revealed in this paper are universal?". Finally, we note that our model could be realized in laboratory and experimentally checked. With both layer B and layer C as liquid material contained in half-open and width-tunable boxes, the layer A which is a solid slab could be moved through the whole cell easily.
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